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(~| , Abstract 

X ■ The cross sections for the multiple production of the lightest neutral Higgs 

. boson at high-energy e~^e~ colliders are presented in the framework of the 

Minimal Supersymmetric extension of the Standard Model (AiSSAi). We 
consider production through Higgs-strahlung, associated production of the 
scalar and the pseudoscalar bosons, and the fusion mechanisms for which 
we use the effective longitudinal vector-boson approximation. These cross 
sections allow one to determine trilinear Higgs couplings Xuhh and Xhhh, which 
are theoretically determined by the Higgs potential. 
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1. Introduction 



The only unknown parameter in the Standard Model (SAi) is the quartic coupling of the 
Higgs field in the potential, which determines the value of the Higgs mass. If the Higgs 
mass is known, the potential is uniquely fixed. Since the form of the Higgs potential is 
crucial for the mechanism of spontaneous symmetry breaking, i.e. for the Higgs mech- 
anism per se, it will be very important to measure the coefficients in the potential once 
Higgs particles have been discovered. 

If the mass of the scalar particle is less than about 150 GeV, it very likely belongs 
to the quintet of Higgs bosons, h, H, A, predicted in the two-doublet Higgs sector 
of supersymmetric theories [h and H are the light and heavy CP-even Higgs bosons, 
A is the CP-odd (pseudoscalar) Higgs boson, and is the charged Higgs pair]. The 
potential of the two doublet Higgs fields, even in the Minimal Supersymmetric Standard 
Model (AiSSAi), is much more involved than in the Standard Model 0. If CP is 
conserved by the potential, the most general two-doublet model contains three mass 
parameters and seven real self-couplings. In the AiSSAi, the potential automatically 
conserves CP; in addition, supersymmetry fixes all the Higgs self-couplings in terms of 
gauge couplings. The remaining three free mass parameters can be traded in for the two 
vacuum expectation values (VEV's) of the neutral Higgs fields and one of the physical 
Higgs masses. The sum of the squares of the VEV's is fixed by the W mass, while the 
ratio of VEV's is a free parameter of the model called tgjS. It is theoretically convenient to 
choose the free parameters of the AiSSAt Higgs sector to be tg/9 and Ma, the mass of the 
CP-odd Higgs boson A. The other Higgs masses and the mixing angle a of the CP-even 
neutral sector are then determined. Moreover, since all coefficients in the Higgs potential 
are also determined, the trilinear and quartic self-couplings of the physical Higgs particles 
can be predicted theoretically. By measuring these couplings, the Higgs potential can be 
reconstructed - an experimental prima facie task to establish the Higgs mechanism as the 
basic mechanism for generating the masses of the fundamental particles. 

The endeavor of measuring all Higgs self-couplings in the AiSSAi is a daunting task. 
We will therefore discuss a first step by analyzing theoretically the production of two light 
Higgs particles of the A4SSA4. These processes may be studied at the proton collider 
LHC and at a high-energy e'^e~ linear collider. In this paper we will focus on the 
e"'"e~ accelerators that are expected to operate in the first phase at an energy of 500 GeV 
with a luminosity of about / £ = 20 fb~^, and in a second phase at an energy of about 
1.5 TeV with a luminosity of order J C = 200 fb~^ per annum [Q. They will allow us to 
eventually study the couplings Xnhh and Xhhh- The measurement of the coupling XhAA 
will be very difficult. 

Multiple light Higgs bosons h can [in principle] be generated in the AiSSAd by four 
mechanisms^: 

^The production of two light Higgs bosons, e+e^ —^ hh, through loop diagrams does not involve any 
trilinear Higgs coupling; the production rates are rather small j^. 
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(i) Decay of the heavy CP-even neutral Higgs boson, produced either by if-strahlung 
and associated AH pair production, or in the WW fusion mechanisms. Fig. la, 

H ^hh (1) 



e+e- ZH, AH 
e^e~ — > VpVpH 



Associated production e^e hA followed hj A ^ hZ decays leads to hhZ background 
final states. 

(ii) Double Higgs-strahlung in the continuum, with a final state Z boson. Fig. lb, 

e+e- Z* hhZ (2) 

(iii) Associated production with the pseudoscalar A in the continuum. Fig. Ic, 

e+e" ^ Z* ^ hhA (3) 

(iv) Non-resonant WW{ZZ) fusion in the continuum. Fig. Id, 

e+e" ^ UeiyeW*W* VevM (4) 

The cross sections for ZZ fusion in (1) and (4) are suppressed by an order of magnitude. 
The largest cross sections can be anticipated for the processes (1), where heavy on-shell 
H Higgs bosons decay into pairs of the light Higgs bosons. [Cross sections of similar 
size are expected for the backgrounds involving the pseudoscalar Higgs bosons.] We have 
derived the cross sections for the four processes analytically; the fusion process has been 
treated in the equivalent particle approximation for longitudinal vector bosons. 

We will carry out the analysis in the M.SSM. for the value tg/3 = 1.5. [A summary 
will be given in the last section for all values of tg/3]. In the present exploratory study, 
squark mixing will be neglected, i.e. the super symmetric Higgs mass parameter /i and the 
parameter At in the soft symmetry breaking interaction will be set to zero, and the radia- 
tive corrections will be included in the leading one-loop approximation parameterized 
by i 

log 1 + 33 (5) 



V27r2 sin^ (3 \ ml 

with the common squark mass fixed to Ms = 1 TeV. In terms of tg/5 and Ma, the trilinear 
Higgs couplings relevant for our analysis are given in this approximation by 

6 COS (y 

Khh = 3 cos 2a sin (/3 + a) + 3 . (6) 

M| sm/3 

€ Sill CX 

^Hhh = 2sin2Q;sin(/5 + a) — cos2q;cos(/5 + a) + 3 — 5- cos^ a 

M| sin p 
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In addition, the coupling 



A/iAA = cos2/5sin(/3 + a) + — -cos^^ (7) 

M| sm p 

will be needed even though it turned out - a posteriori - that it cannot be measured using 
the experimental methods discussed in this noteQ. As usual, these couplings are defined 
in units of (2\/2G f)^^"^ M'^; the h, H, masses and the mixing angle a can be expressed 
in terms of Ma and tg/5 [see e.g. Ref. p| for a recent discussion]. 

In the decoupling limit for large A, H and if^ masses, the lightest Higgs particle 
becomes SM-like and the trilinear hhh coupling approaches the SM. value Xhhh 
Ml/M^. In this limit, only the first three diagrams of Fig. lb and Id contribute and the 
cross-sections for the processes e+e~ — >■ hhZ and WW hh approach the corresponding 



cross sections of the SA4 \10, 11 



2. H Production and hh Decays 

If kinematically allowed, the most copious source of multiple h final states are cascade 
decays H hh, with H produced either by Higgs-strahlung or associated pair production 



"i^'^-^Z") = ^(^'; + °5cos'(.3-a.) (8) 

The Z couplings to electrons are given by = —l,Ve = — 1 + 4sin^6'vi/ and Xj is the 
usual two-body phase space function Xj = (1 — M| /s — M"^ / s)'^ — AMjM]j / s^. The cross 
sections (8) and (9) are shown in Fig. 2 for the total e^e~ energies = 500 GeV and 
1.5 TeV as a function of the Higgs mass Mh for a small value of tg/3 = 1.5 where the H 
cascade decays are significant over a large mass range. As a consequence of the decoupling 
theorem, associated AH production is dominant for large Higgs masses. 

The trilinear Hhh coupling can be measured in the decay process H hh 
V(H^hh)-^£3lNL^z (, 

if the branching ratio is neither too small nor too close to unity. This is indeed the case, 
as shown in Fig. 3a, for H masses between 180 and 350 GeV and small to moderate tg/3 
values. The other important decay modes are WW*/ZZ* decays. Since the H couplings 

^For small masses the decay h AA could have provided an experimental opportunity to measure 
this coupling. However, for tg/3 > 1, this area of the MSSM parameter space has been excluded by 
LEP Rl. 
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to the gauge bosons can be measured through the production cross sections of the fusion 
and Higgs-strahlung processes, the branching ratio BR(if hh) can be exploited to 
measure the couphng Xnhh- 

The ZH final state gives rise to resonant two-Higgs [hh] final states. The AH final 
state typically yields three Higgs h[hh] final states since the channel A — >■ hZ is the 
dominant decay mode in most of the mass range we consider. This is shown in Fig. 3b 
where the branching ratios of the pseudoscalar A are displayed for tg/5 = 1.5. 

Another type of two-Higgs hh final states is generated in the chain e'^e^ Ah —>■ 
[Zh]h, which does not involve any of the Higgs self-couplings. However, in this case, the 
two h bosons do not resonate while [Zh] does, so that the topology of these background 
events is very different from the signal events. The size of the e^e^ — > hA background 
cross section is shown in Fig. 2 together with the signal cross sections; for sufficiently 
large M4, it becomes small, in line with the decoupling theorem 

A second large signal cross section is provided by the WW fusion mechanism. [Since 
the NC couplings are smaller compared to the CC couplings, the cross section for the ZZ 
fusion processes in (1) and (4) is ~ IGcos'^Ow, i-G. one order of magnitude smaller than 



for WW fusion.] In the effective longitudinal W approximation one obtains 



a[e e 



G%Mw 



4V2' 



TT 



1 + 



log 



Ml 



2 1- 



Ml- 



a] 



'111 



The magnitude of the cross section^ e+e^ Hu^i^e is also shown in Fig. 2 for the two 
energies ^/s = 500 GeV and 1.5 TeV as a function of the Higgs mass Mh and for tg(3 = 1.5. 
The signals in e"'"e^ —>■ [hh] + missing energy are very clear, competing only with H 
strahlung and subsequent neutrino decays of the Z boson. Since the lightest Higgs boson 
will decay mainly into bb pairs, the final states will predominantly include four and six b 
quarks. 

At ^/s = 500 GeV, about 500 signal events are predicted in the mass range of Mh ~ 
200 GeV for an integrated luminosity of / £ = 20 fb~^ per annum; and at ^/s = 1.5 TeV, 
about 8,000 to 1,000 signal events for the prospective integrated luminosity of J C = 200 
f)^-! annum in the interesting mass range between 180 and 350 GeV. Note that for 
both energies, the Ah background cross section is significantly smaller. 



3. Non-Resonant Double hh Production 

The double Higgs-strahlung e~^e~ Zhh, the triple Higgs production process e+e^ — » 
Ahh and the WW fusion mechanism e~^e^ Ve^^ehh outside the resonant H hh 
range are disfavored by an additional power of the electroweak coupling compared to the 
resonance processes. Nevertheless, these processes must be analyzed carefully in order to 
measure the value of the hhh coupling. 

■^In the effective W approximation, the cross section may be overestimated by as much as a factor of 2 
for smah masses and/or smah cm. energies. Therefore we display the exact cross sections [O in Fig. 2. 
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3.1 e+e- Zhh 

The double differential cross section of the process e+e' 
da{e^e^ hhZ) 



dxidx2 



384V27r3s 



< + <) 



hhZ, Fig. lb, is given by 
A 



(12) 



The couplings have been defined in the previous section. xi^2 = 2-E'i,2/v^ are the scaled 
energies of the Higgs particles, 0:3 = 2 — Xi — X2 is the scaled energy of the Z boson; 
yk = 1 — Xk. The scaled masses squared are denoted by fii = Mf/s. In terms of these 
variables, the coefficient A in the cross section may be written as: 



A 



a^^ sin''(/5 - a) 



fi 



/2 



— + - 

yi + fih- /iz 1/2 + /ih - fj-z 



+ 



cos'^{(3 — a) 



4/^1 (1/1 + /^ft - I^a) 



fs 



yi + i^h- i^A y2 + i^h- i^A 



^ij^z{yi + i^h- i^z) 



f7 



a 

l^z 

+ 



sin^(/?- q)/5 ^ cos^(/?-q)/6 

yi + i^h- i^z yi + i^h- i^A 

fs 



yi + i^h- i^z y2 + i^h- i^z 



+ {yi ^ ^2} 



(13) 



with 



sin(/3 - a)Xhhh , cos(/3 - a)XHhh 



Z/3 + A«z - pi-h 



+ 



^ sin^(/3 - a) ^ sin^(/3 - a) ^ 1 



yi + fJ'h- fJ'Z Z/2 + - fJ'Z "^jJ-z 



(14) 



[omitting the small decay widths of the Higgs bosons]. Only the coefficient a includes 
the Higgs self-couplings Xrhh and \hhh- Introducing the notation 7/0 = (2/1 — 2/2) /2, the 
coefficients fi which do not involve any Higgs couplings, are defined by 



/o 



(2/1 +2/2)^ -4^z(l -3;Uz) 



(15) 



yi> 



4/Uz(2/i 2/? + /"I - 2/iz(2/i + 2yu^ 



/i = 

/2 = [2/iz(/iz - 2/x/, + 1) - (1 + |/i)(l + 1/2)] [;Uz(/iz - 2/1 - 2/2 - 4/i/^ + 2) -1/11/2] 

/3 = [2/o + /^2(l-2/i-y2 + )Uz-4/Xfe)] [l+|/i + y2 + 2/o + /"z(/^z-4^/,-2yi) 

/4 = [yo + /^^(l - yi - y2 + /^z - 4//^)] [t/o - i + /^z(/^z -yi-y2- 4:iih + 2) 

/s = 2//| - 4/i|(yi + 2//^) + [(1 + yi) (3yi - ya) + 2] - y^(l + yi + ^2) - ym 

fe = 2/x|-//|(y2 + 3yi + 8/Xft-2) + 2/xzyo(l + yi + yo) + 2yiyo-yo(yi + y2-2) 

/t = [/iz(4//fe -//z - 1 + 2yi - yo) - yiyo] [/^z(4/i;, - //z - 1 + 3yi) - (1 + yo)(l + yi)] 

/s = [/^z(4//fe -//z - 1 + 2yi - yo) - yiyo] [/^z(4//^ - //z - 2 + yi) + (1 - yo)(l + yi)] 

In the decoupling limit, the cross section is reduced to the SA4 cross section for which 



2 4:iil{yi + iih - fJ'z) [yi + fJ'h - fJ'Z ' y2 + IJ'h-fJ'Z 



fi 



+ 



f2 



+ 4:anzf5 



+ {yi ^ y2} 
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with the /j's as given above, and 



1 

a = -- 



X 



hhh 



+ 



1 



+ 



1 



+ 



1 



2 1/3 + A^z - /i/i yi + i^h- i^z y2 + i^h- fj'Z '^fj.z 

The cross section a{e^e^ hhZ) is shown for a/s = 500 GeV at tg/3 = 1.5 as a function 
of the Higgs mass in Fig. 4a. For small masses, the cross section is built up almost 
exclusively hy H hh decays [dashed curve], except close to the point where the Xnhh 
coupling accidentally vanishes (cf. Ref.p]) and for masses around ~ 90 GeV where addi- 
tional contributions come from the decay A —>■ hZ [this range of Mh corresponds to Ma 
values where BR(74 — ^ hZ) is large; cf. Fig.3]. For intermediate masses, the resonance 
contribution is reduced and, in particular above 90 GeV where the decoupling limit is 
approached, the continuum hh production becomes dominant, falling finally down to the 
cross section for double Higgs production in the Standard Model [dashed line]. After 
subtracting the H ^ hh decays [which of course is very difficult], the continuum cross 
section is about 0.5 fb, and is of the same order as the SM. cross section at y/s = 500 
GeV. Very high luminosity is therefore needed to measure the trilinear hhh coupling. At 
higher energies, since the cross section for double Higgs-strahlung scales like 1/s, the 
rates are correspondingly smaller, cf. Fig. 4b. 

Prospects are similar for large tg/5 values. The cascade decay H —>■ hh is restricted 
to a small Mh range of less than 70 GeV, with a production cross section of ~ 20 fb at 
^/s = 500 GeV and ~ 3 fb at 1.5 TeV. The continuum cross sections are of the order 
of 0.1 fb at both energies, so that very high luminosities will be needed to measure the 
continuum cross sections in this case if the background problems can be mastered at all. 

We have repeated the analysis for the continuum process e^e~ Ahh (cf. Fig.lc). 
However, it turned out that the cross section is built up almost exclusively by resonant 
AH Ahh final states, with a very small continuum contribution, so that the measure- 
ment of the coupling Xhaa is extremely difficult in this process. 



3.2 WlWl hh 

In the effective longitudinal W approximation^, the total cross section for the subprocess 
WlWl hh, Fig. Id, is given by 



+ 



QAtt /3, 



[1 + 0, 



2 \2 

w) 



W 



^iz sin(/5 -a) Uz cos(/3 -a) 

^hhh H ; ■^Hhh + J- 



Pw \ fJ'Zsm{P - a) 



1- l^h 



Xhhh + 



1 - /ih 

fiz cos(/3 — a) 



1- flH 



\Hhh 



+ 1 



[sin^(/3 - a)gi 



+ cos^(/3 - a)g2] + 



(16) 



sin'^dS — a)g3 + cos^(/3 — a)gi + sin^ 2(/3 — a)g5 



*For qualifying comments see footnote 3. 
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with 



9i 

92 
93 

94 

95 



2[iPw - xwPhf + 1 - Pw]lw - 4:Phi2Pw - xwPh) 
2{xc/3h - /3w)% + '^f3hixc/3h - 2/3w) 

Whxw{^f3lxlr + 14/3^ + 2 - 213^) - Al3w{'if3Ww + /^^ + 1 - l^wWw + xwVw] 
-[/3^ + (1 - (3^){1 + 2(31, - PwWw/xw - yw] - 2(3lyw{2(3w - (^hXw? 
PkiPhXci^Plxl + U(3lr) - APwi^Plxl + P^)] [Ic + xcyc] 
-Pwi^c/xc - yc] - 2ycPl{2Pw - PhXc? 



X 



w 



X 



[2xw{2xy^f3hf3w - xcxw(3^ - xcPw) - 2x^,{(3y^x^r + (3y^ + l- (3y^) 



c 



Xc 



n n Mx'w + - Pw) + {(^l^W + (^wf)] - ^(^iMxw + xc) 

PwPh 



Xc XiY 



[Ax'cPhPw - 2xcXwiPhx'c + Pw + '^-Pw)- 2x^(/3^x^ + 



iiPw + Pyc)i^ - Pw) + iPyc + Pwf)] + 2{3l{xcXwPl + 4/3; 



W) 



(17) 



The scahng variables are defined in the same way as before, s^^'^ is the cm. energy of the 
subprocess, /3vf = (1 - 4M^/s)^/2 ^nd (3^ = {\ - AMljsfl'^ are the velocities of the W 
and h bosons, and 



xw = {X- 2fih)/{f3wPh) , Xc = {l- 2iih + 2/iH± - 2/iH/)/ {Pwh) 
k = \og{xi-l)/{xi + l) , yi = 2/{xl-l) 

The value of the charged Higgs boson mass Mh± in the if^ t-channel exchange diagram 
of Fig. Id is given by M^± = M\ + M^. 

In the decoupling limit, the cross section reduces again to the SAi cross section which 
in terms of gi and g2, defined above, is given by: 

1 2 



6Att P 



w 



hhh 



+ 1 



hhh 



1 - hi 



+ 1 



9i + 



93 



(19) 



After folding aiL with the longitudinal WlWl luminosity [|l^, one obtains the total 
cross section a{e^e~ — > UeUghh) shown in Fig. 4b as a function of the light Higgs mass Mh 
for tg/3 = 1.5 at ^/s = 1.5 TeV. It is significantly larger than for double Higgs-strahlung 
in the continuum. Again, for very light Higgs masses, most of the events are H hh 
decays [dashed line]. The continuum hh production is of the same size as pair production 
of SA4 Higgs bosons [dotted line] which, as anticipated, is being approached near the 
upper limit of the h mass in the decoupling limit. The size of the continuum hh fusion 
cross section renders this channel more promising than double Higgs-strahlung for the 
measurement of the trilinear hhh coupling. 

For large tg/3 values, strong destructive interference effects reduce the cross section 
in the continuum to very small values, of order 10~^ fb, before the SAi cross section is 
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reached again in the decouphng hmit. As before, the hh final state is almost exclusively 
built up by the resonance H ^ hh decays. 

4. Summa 

It is convenient to summarize our results by presenting Fig.5, which displays the areas of 
the [M^,tg/9] plane in which Xuhh [solid lines, 135° hatching] and \hhh [dashed lines, 45*^ 
hatching] could eventually be accessible by experiment. The size of these areas is based 
on purely theoretical cuts so that they are expected to shrink if background processes and 
detector effects are taken into account. 

[i) In the case of if — > hh, we require a lower hmit of the cross section a{H) x BR(if — > 
hh) > 0.5 fb and at the same time for the decay branching ratio 0.1 <BR(if — > hh) < 0.9, 
as discussed earlier. Based on these definitions, Xuhh niay become accessible in two 
disconnected regions denoted by I and II [135*^ hatched] in Fig.5. For low tg/?, the left 
boundary of Region I is set by LEPl data. The gap between Regions I and II is a result 
of the nearly vanishing Xuhh coupling in this strip. The right boundary of Region II is 
due to the overwhelming tt decay mode for heavy H masses, as well as due to the small 
H production cross section. For moderate values of tg/9, the left boundary of Region I is 
defined by BR(iJ hh) > 0.9. In the area between Regions I and II, H cannot decay 
into two h bosons, i.e. Mh < 2Mh. For large tgf3 > 10, BR[H hh{AA)] is either too 
large or too small, except in a very small strip. Ma — 65 GeV, towards the top of Region 
I. [Note that h and A are nearly mass-degenerate in this area.] 

(ii) The dashed line in Fig.5 describes the left boundary of the area [45° hatched] in 
which Xhhh may become accessible; it is defined by the requirement that the continuum 

WlWl hh cross section, CTcont! is larger than 0.5 fh. Note that the resonant H ^ hh 
events in Region II must be subtracted in order to extract the Xhhh coupling. 

In conclusion, we have derived the cross sections for the double production of the 
lightest neutral Higgs boson in the M.SSM. at e^e~ colliders: in the Higgs-strahlung 
process e"'"e~ — > Zhh, [in the triple Higgs production process e^e~ — > Ahh], and in the 
WW fusion mechanism. These cross sections are large for resonant H ^ hh decays so 
that the measurement of the triple Higgs coupling Xnhh is expected to be fairly easy for 
H ^ hh decays in the mass range between 150 and 350 GeV for small ig(3 values. The 
continuum processes must be exploited to measure the triple Higgs coupling Xhhh- These 
continuum cross sections, which are of the same size as in the SM., are rather small so 
that high luminosities are needed for the measurement of the triple Higgs coupling Xhhh- 
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Figure Captions 



Fig. 1: Main meclianisms for tlie double production of the light MSSM Higgs boson in e'^e 
coUisions: a) e+e" ^ ZH, e+e" ^ AH and WW H followed hj H ^ hh; (b) 
e+e- ^ hhZ, (c) e+e" ^ hhA and (d) W^W^ ^ hh. 

Fig. 2: The cross sections for the production of the heavy CP-even Higgs boson H in e"'"e~ 
collisions, e'^e" — > ZH/AH and e''"e~ — > Hi/gPg, and for the background process 
e+e~ ^ A/i [the dashed curve shows | x a (Ah) for clarity of the figures]. The 
cm. energies are chosen ^/s — 500 GeV in (a), and 1.5 TeV in (b). 

Fig. 3: The branching ratios of the main decays modes of the heavy CP-even neutral Higgs 
boson H in (a), and of the pseudoscalar Higgs boson A in (b). 

Fig. 4: The cross sections for hh production in the continuum for tg/3 = 1.5: e+e^ — > hhZ 
at a cm. energy of ^/i - 500 GeV (a) and WlWl ^ hh at y/s ^ 1.5 TeV (b). 

Fig. 5: The areas of the [M^,tg/3] plane in which the Higgs self-couplings XHhh and Xhhh 
could eventually be accessible by experiment at y/s = 1.5 TeV [see text for further 
discussions] . 
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